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Oscillation of second-order nonlinear difference
equations with sublinear neutral term

MARTIN BOHNER, HASSAN A. EL-MORSHEDY,
SAID R. GRACE, ILGIN SAGER

ABSTRACT. We establish some new criteria for the oscillation of second-
order nonlinear difference equations with a sublinear neutral term. This
is accomplished by reducing the involved nonlinear equation to a linear
inequality.

1. INTRODUCTION

This paper deals with oscillatory behavior of all solutions of nonlinear
second-order difference equations with a sublinear neutral term of the form

(1) A (anA (0 + patf_y)) + anTh 1 = 0.
We assume that

(H1) 0 < <1 and g > 0 are ratios of positive odd integers,
(Ha) {an}, {pn}, {an}, n > no, are positive real sequences,
— 1
nh_)ngopn:() and Z—<oo,

a
s=ng °

(Hz) k€ N and m € Ny.

Let & = max{k,m — 1}. By a solution of (1), we mean a real sequence
{zy} defined for all n > ny — & that satisfies (1) for n > ng. A solution of
(1) is said to be oscillatory if its terms are neither eventually positive nor
eventually negative, and otherwise it is called nonoscillatory. Equation (1)
is said to be oscillatory if all its solutions are oscillatory.

In recent years, there has been a great interest in establishing criteria
for the oscillation and asymptotic behavior of solutions of various classes of
second-order difference equations, see [1,2,4,9-12,15,18,20,21,24] and the
references cited therein. However, it seems that there are no known results
regarding the oscillation of second-order difference equations with positive
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2 NONLINEAR DIFFERENCE EQUATIONS WITH SUBLINEAR NEUTRAL TERM

sublinear neutral term. More exactly, the existing literature does not provide
any criteria which ensure oscillation of all solutions of (1). In view of this
motivation, our aim in this paper is to present sufficient conditions which
ensure that all solutions of (1) are oscillatory. For related results concerning
second-order differential equations with sublinear neutral term, we refer the
reader to [3,16,17,23]. Some related results concering second-order dynamic
equations on time scales can be found in [6-8,13,14,19,22].

2. MAIN RESULTS

For n > ng for some ng > ng, we let
o0
A, = —.
s=n

For convenience, for some 0 < v <1 and n > ng, we set

Yn = Tn +pn$%7ka

ALk
n

and

14+v)(B—1
Qn = an£L+1 ) )Perlfm‘

In the following, we establish a new oscillation result for (1) when § > 1.
Theorem 2.1. Let § > 1. Assume (Hy)—(Hs). If

1

—_— = OO’
4asAs+1

n—o0

(2) lim sSup Z |:QSAS+1 -

s=nj
then (1) is oscillatory.

Proof. Let x,, be a nonoscillatory solution of (1), say x,, > 0, Zp41-m > 0,
ZTp— > 0, and y, > 0 for n > ny for some n; > ng. It is easy to see that
Yn >0, n > nyq, and (1) becomes

(3) A (anAyn) + Gn 1 = 0.

Thus A (a,Ay,) < 0 for n > ny, which implies that y, is bounded. Also,
the decreasing nature of a,Ay, implies that (I) Ay, > 0 or (II) Ay, < 0
for n > n} > ny. Therefore, y, converges, and hence

lim y, = lim (z, + ppz;_;) = lim x,,
n—ro0 n—0o0 n—oo

since limy, o0 prn = 0. Now, we consider Case (I). Since y, is a positive
increasing sequence, there exist no > n] and d > 0 such that

(4) xn >d for n>mns.
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Substituting (4) into (3), we get

(5) A (anAyy) + gd® <0 for n>no.
Summing (5) from ng to n — 1, we obtain
n—1
(6) anAyp — Gpy Ayp, + d° Z gs <0 for mn>ns.
s=noy

But (2) implies that

oo
an:oo,

n=ngy

which together with (6) yields

lim a,Ay, = —o0,
n—oo

a contradiction due to the eventual positivity of a,Ay,.
Next, we consider Case (II). Define the sequence {v,} by

nA'rL
(7) vn:ayy for n>mn;.

Then v, < 0 for n > ny. Also, the decreasing nature of a, Ay, implies that

(8) Ay, < a—”Ayn for s>n>n.
Qs

Summing (8) from n to r — 1 > n, we obtain

r—1 1
Yr — Yn < anAyy (Z as> )

which, by letting » — oo, leads to

A

9) dn ynAn >—-1 for n>ng,
Yn

ie.,

(10) vpA, > —1  for n>ng.

On the other hand, we find from (9) that

- Ay Ayy, + 2
A yi _ AnAyn ynAAn _ Y an > 07
AnAn—i-l AnAn—H

Ap,
for n > nq, and thus

Yn—k
A,

(11) Z—n > for n>n;+k.

e

Now,
Tn = Yn — pnxg_k > UYn — pnyg_k for n>n;+ k?,
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and using (11), we obtain

Ay k AL k 1
(12) Tn 2 Yn = Pn—ya y”‘=<1—p o y"_>y-
Since y,, /A, is positive and increasing, we get
Yn Ynq
13 > =v>0 f > ng.
(13) 4, > A, ¥ or n>mn

Since {A,,} is positive and converging to zero, there exists ng > nj + k such
that

(14) 0< Ay <y foral n>ns.
Hence, by (13) and (14),
(15) yp > ALY for  n > mg.

Using (15) in (12), we get
«

A
(16) Ty > (1 — py =k A(1+”)(O‘_1)> Yn = Py, for n>mngs.

Ay "
By (16), from (3), we have
A (anAyn) = ang_;,_l_m
(17) < - qnp'f—l—l—my?f-i-l—m

<- anf+1_my£+1 for  n > ng,

where we also used the decreasing nature of ¥, in the last estimate. Now
(17), in view of (15), leads to

A (anAyn) < - QnAil_:_ly)(B_l)Pﬁ+1_myn+1

n

(18)
=—QnyYnt1 for n>ns.

Taking the difference of both sides of (7) and using the decreasing nature of
anAYn, We get

:ynA(anAyn) - an(Ayn)2

Avy,
YnYn+1
Ala, A
19) _Bndy)
Yn+1 OnYn+1
2
SM_UA for n > nas,
Yn+1 n

where we have used again the decreasing nature of y,. Combining (19) and
(18), we have

1)2

(20) Av, < —Qp,— -2 for n>ns.

Gn
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Using (20), we get
A(Ayvy) =v,AA, + Apr1Av,
= - I + AnJrlAUn

Gn
v A 02
<— 2 —ApQn — /2
mn a'n
1
<—Ap1Qn + m,
n mn

and summing this resulting inequality from ng to n and using (10) yields

n

1
Z |:Q5As+l - r SAngvng - An+lvn+1
s

s=n3 As+1

<14+ A,,vp, <00 for n>ns,
contradicting (2). This completes the proof. O

When g = 1, we have the following immediate corollary from Theorem
2.1.

Corollary 2.1. Let f = 1. Assume (Hy)—(Hs). If

- 1
(21) lim sup Z |:QSP3+1mAs+1 - :| = 00,

n—00 ; 4&5 A3+1
s=ng

then (1) is oscillatory.
Next, we establish an oscillation result when 0 < 5 < 1.
Theorem 2.2. Let 0 < 8 < 1. Assume (Hy)-(Hs). If

1

n
22) i LgsPly mAstl = o —
( ) 1msupz [ Qsts1-m* s+l 4asAs+1

n—o0

] =00 for some L >0,

s=ng
then (1) is oscillatory.

Proof. Let x, be a nonoscillatory solution of (1), say x,, > 0, Zp41-m > 0,
ZTp— > 0, and y, > 0 for n > ny for some n; > nj. Proceeding as in the
proof of Theorem 2.1, we obtain the two cases (I) Ay, > 0 or (II) Ay, < 0 for
n > ny. Next, we consider only Case (II) as Case (I) can be treated similarly
as in the proof of Theorem 2.1. Recall that y, is positive and decreasing
with lim,, o0 Yyp = limy, oo . Then we have either lim,, o y,, = dy > 0 or
lim,, oo ¥ = 0. The first case implies that lim, ., z,, = dy. Thus, there
exist do > 0 and n] € N such that z,, > dy for all n > nj. Hence we can
obtain a contradiction similarly as in Case (I). The other case implies that
for K := LY(=1) > 0, there exists nj € N such that

(23) O0<yp, <K foral n>ns.
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Now proceeding as in the proof of Theorem 2.1, we obtain (17), which with
(23) yields

0> A(anAyy) + QnPerl—myrﬁwrl

1-8
yn+1

= A(apAyy) +

K1-5
= AanAyy,) + LQnP5+1_myn+1 for n >ng,

> AanAyy) +

with some ng > n3. The remainder of the proof is similar to that of Theorem
2.1 and hence is omitted. O

3. EXAMPLES AND REMARKS
First, we give two examples for the case § > 1.

Example 3.1. Consider the second-order equation
Tk

5
(24) A (n(n +1)A (xn + n?>> +(n+1)°%2,_,, =0 neN.

Here, 0 < a < 1 is a ratio of positive odd integers, 5 = 5/3, the delays are
k € N and m € Ny, and

1
anp =n(n+1), Pn = and ¢, = (n+1)°.
We let v = 1. Tt is easy to see that (Hg) holds. Also,
1 1
Anzg and Pnzl—m
Moreover,
1 11 1 3 1

Apt1— = )3 |1-— -
@nAnts danApi1 (n+1)> [ (n+1-—m)*n+1—-—m-—k)~ 4n
Thus,

. 1
TA}EIOlO <QnAn+1 - AM«nAn—H> = 00.
Therefore, (2) of Theorem 2.1 is satisfied, and hence (24) is oscillatory.

Example 3.2. Consider the second-order equation

@) A (ot 08 (00t %) ) sk h, =0 men

Here, all data are the same as in Example 3.1 except

qn = (n + 1)27
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and therefore

wlu

1 1

1-— >
(n—l—l)é{ (n-i—l—m)o‘(n—f—l—m—k)a] -
for n > N with some N € N, and thus

M 1 M 1
Z <QnAn+1 - 4anAn+1> = Z (QnAn+1 — 4n>

n=N n=N

QnAn—i—l =

SR
N

Mo
> — =00 as M — oo.
n=

Hence, (2) of Theorem 2.1 is satisfied, and thus (25) is oscillatory.
Next, we give an example in the case § = 1.

Example 3.3. Consider the second-order equation

(26)
n—k)x,_ n+1
A (n(n + l)A <.’Bn + ¥ (8771)4nk>> + o Tp+l—-m = 0, neN.
Here, « = 1/3, 8 = 1, the delays are k € N and m € Ny, and
n—=k n+1
an =n(n+1), pn:‘q’w and ¢, = _—
We let v = 1/2. It is easy to see that (Hg) holds. Also,

1 1
A, =— and P,=-.
n 2
Moreover,
1 Gn 1 1
P — A - = _— = —
Inntdom il = A 2(n+ 1) 4n dn

Therefore, (21) of Corollary 2.1 is satisfied, and hence (26) is oscillatory.

Finally, we present an example in the case 0 < 8 < 1.

Example 3.4. Consider the second-order equation
A (xn + 4(&—1)(n—l)—(ka+1)/2xg_k)
2TL
Here, 0 < a < 1 and 0 < 8 < 1 are ratios of positive odd integers, the delays

are k € N and m € Ny, and
1
= 2—11’
We let v = 1. Tt is easy to see that (Hg) holds. Also,
1

F and Pn:§

27 A +n8"azﬁ =0, neN.
n+l—m

a, P = 4(a—1)(n—1)—(l€a+l)/2 and Gn = n8&™.

A, =
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Moreover,
L Pﬁ A 1 — [;n22n—B _ 92n—2
Antpi1—mAn+l — da. A =Lin - )
GnAn41

which tends to infinity for any constant L > 0. Therefore, (22) of Theorem
2.2 is satisfied, and hence (27) is oscillatory.

Remark 3.1. The results of this paper are presented in a form that makes
it easy to study extensions to higher-order equations. It would also be of
interest to use the approach here to study (1) with o > 1, i.e., (1) with
superlinear neutral term.

Remark 3.2. Another possibility for extension of the presented results
would be to consider the time-scales [5, 8| analogue of (1).
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